Fermat further assumed that the speed of light in a medium is inversely proportional to the density or the resistance of the medium. Under this assumption he proved geometrically in the second treatise, Synthesis ad refractiones, that his law of refraction fulfills the condition that the light traverses the path of least time [Fermat 1891 [Fermat , I, 173-1791 In his Dioptrique Renk Descartes had deduced the sine law of refraction based on a model of a ball penetrating a piece of cloth [Descartes 1637, 16-25; 1965 , 96-1051 Although Descartes held the theory that light is propagated instantaneously, he assumed in his deduction that light is transmitted more easily through a dense than through a rare medium. This is exactly the opposite of Fermat's assumption that the velocity of light is inversely proportional to the density of the medium. In Fig. 1 let F be the projection AB and H that of I:
further, let FH = 1, CF = d, and When the positions of C and I and the dividing line AB between the media are given, 1, d, and h are known.
To solve the problem of minimizing the resistance (l), it is natural to set DH = a, and to determine a such that
is minimal. To find a, Fermat's method of maxima and minima provided the following procedure: substitute a + e for a in the expression (2); this leads to
Then "adequate" (2) and (3): He proceeded by letting CD be an incident ray (Fig. 2) , drawing the circle with center at D and radius CD. He then stated that he sought point I where the refracted ray cuts the circle.
This setup differed from his 1657 formulation of the problem, not only because a circle was introduced, but also because in 1657 Fermat had supposed that points C and I were given, and had then asked for the position of point D, where the refraction takes place.
In Analysis ad refractiones he framed a physically more natural question--namely, How will an incident ray CD bend when it passes from one medium to another? Fermat's next step was to use the principle of least resistance, which at first seems strange because this principle applies only when C and I are fixed points, and his formulation of the problem indicated that he considered I to be variable. However, Fermat was analyzing the situation; hence he could suppose CD1 to be the actual path (which means that I is fixed), and he could then use the principle of least resistance to achieve a characterization of the position of I. In order to do so he first set
and, further, he let the ratio between the resistance factors of the two media be equal to
where m is a given line segment. The position of I is determined Fermat set by the position of H; hence
and his task then became to express The total resistance along path (8) and (7)) a by the given magnitudes. CDI is proportional to (cf. m l CD-kb*DI= mn + bn.
Since CDI is supposed to be the actual path, it follows from the principle of least resistance that (11) will be a minimum among resistances along paths COI. These resistances are proportional to (cf.
)
By setting DO = e and using CO = (CD2 + DO2 -2D0 l DF)li2 and 01 = (D12 + DO2 + 200 . DH)li2, Fermat could express (12) as (m2n2 + m2e2 -2m2be)li2 + (b2n2 -I-b2e2 + 2b2ae)li2.
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He then applied the procedure from his method of maxima and minima to the "adequation"
of (11) Let VI and v2 be the velocities of light in the two media. Suppose C and D are given and that, again, F is the projection of C onto AB (Fig.  2) . Let H be determined by 
COMPARISON OF THE TWO FORMS OF THE PROBLEM
To discuss the difference between the problem of 1657 and Analysis ad refractiones we turn our attention to the "adequation" (4), which Fermat probably considered in 1657, and express it as f(a) -f(a + e).
As we saw, Fermat himself stated that in Analysis ad refractiones he had simplified the earlier calculations. Let us examine these simplifications.
Fermat made two changes:
(1) He drew a circle; and (2) he introduced another expression, xnn + bn--not containing a--for f(a) = rl[(l -a) 2 + d2]li2 + r:! (a2 + h2)li2
and expressed f(a + e) in terms of m, n, b, a, and e.
The last corresponds to setting f(a) = g(0) and f(a + e) = g(e), where g(e) is expression 
Because this "adequation" contains only two square roots and only first-order terms of a, it led to calculations much easier than (4), the result of which is Eq. (17). The circle does not play a crucial role in reducing the calculations; these could have been undertaken without much more work by replacing f(a) by the expression mn + bp, where p = DI f DC = n. Nor is it very important that b, in the expression for f(a + e), plays the role of both DF and a resistance factor; the calculations could also have been carried out if f(a) was replaced by the expression rln + r2p.
Fermat's greatest "trick" was to avoid the two square roots and a in the expression for f(a [Sabra 1967 [Sabra , 149-1501 .
Both Descartes' law and Fermat's law can be described by
where ~11 and a2 are the angles between the vertical direction and the ray of light in medium 1 and medium 2, respectively, and the constant is determined by the two media. 
and a second squaring and rearrangement lead to
Since M is supposed to be minimal, M4 will also be minimal; Fermat's procedure is then to apply the usual technique for determining a minimum of the right-hand side of (35), considering M2 to be a constant.
This means that from the "adequation" 
which is equivalent to (29 
Since p(a) and g(a) are polynomials and the second-order terms in e disappear at the end of the calculation, we can set ~(a + e) = P(a) 
Then (40) Sabra [1967 Sabra [ , 136-1581 Mahoney [1973, 375-3901; and Goldstine [1980, l- 
